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Abstract

In many experiments, some of the factors (called nested
factors) exist only within the level of another factor
(called a branching factor). In this paper, we develop
optimal Latin hypercube designs and kriging methods
that can accommodate branching and nested factors.
The proposed methods are successfully applied to the
optimization of a machining process.
KEY WORDS: Finite element models; Kriging; Latin
hypercube designs.

1. INTRODUCTION

In many experiments, some of the factors exist
only within the level of another factor. Such fac-
tors are often called nested factors. A factor within
which other factors are nested is called a branching
factor. Because the factors can differ with respect to
the level of another factor, designing and analyzing
experiments with such factors are not trivial. Taguchi
(1987) has proposed an innovative idea to design ex-
periments with branching and nested factors. The
core idea was to carefully assign branching and nested
factors to the columns of orthogonal arrays using lin-
ear graphs in such a way that their interactions are
estimable. The interactions between branching and
nested factors are important because the nested fac-
tors differ with respect to the levels of branching fac-
tors and thus their effects can change with the level of
the branching factor. Although Taguchi’s approach
is very intuitive, the use of orthogonal arrays and lin-
ear graphs are not general enough to apply to more
complex situations such as the design of a computer
experiment.

Our work is motivated by a computer experiment
that involves branching and nested factors. The ob-
jective of the experiment was to optimize a turning
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Figure 1: Schematic of turning process; A-A is a per-
pendicular section through the tool.

Table 1: Factors in the hard turning experiment

Type Notation Factor Ranges
Branching z1 Cutting edge shape hone chamfer

factor
Nested v1|z1=chamfer Angle (degree) 17 ∼ 20
factors v2|z1=chamfer Length (µm) 115 ∼ 140

v1|z1=hone None None
v2|z1=hone None None

Shared x1 Cutting edge radius (µm) 5 ∼ 25
factors x2 Rake angle (degree) −15 ∼ −5

x3 Tool nose radius (mm) 0.4 ∼ 1.6
x4 Cutting speed (m/min) 120 ∼ 240
x5 Feed (mm/rev) 0.05 ∼ 0.15
x6 Depth of cut (mm) 0.1 ∼ 0.25

process for hardened bearing steel with a cBN cut-
ting tool (see Figure 1). Two commonly employed
cutting edge shapes, hone and chamfer, are shown in
Figure 2. The chamfer tool design can be changed
using two factors: chamfer length and chamfer angle,
whereas the hone design is fixed. In our terminol-
ogy, the tool edge is a branching factor. Thus, when
the branching factor takes the level chamfer, there
are two additional factors present in the experiment;
but when the branching factor takes the level hone,
there are no nested factors. There are a few other
factors that are common to both of the tool edges.
To distinguish them from the branching and nested
factors, we call them shared factors. All of the factors
involved in this experiment and their allowable ranges
are shown in Table 1. The experiments can be per-
formed in computers using a commercially available
finite element software AdvantEdge.
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Figure 2: Illustration of hone and chamfer tool edges.
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Table 2: An Example of BLHD

run z1 v1 x1 x2
1 1 1 4 1
2 1 2 3 8
3 1 3 8 5
4 1 4 2 3
5 2 1 7 2
6 2 2 1 6
7 2 3 6 7
8 2 4 5 4

Latin hypercube designs (LHDs) are commonly
used in computer experiments. However, they cannot
be applied directly if the experiment involves branch-
ing and nested factors. As an example, consider an
experiment with one branching factor z1, one nested
factor v1, and two shared factors x1 and x2. Suppose
that the branching factor has two levels and that we
want to conduct the experiment in eight runs. A pos-
sible design of experiment is shown in Table 2. In the
next section, we discuss some general strategies for
designing such experiments using LHDs.

It is well known that not all LHDs are “good”. We
need to extend those optimal design criteria for ex-
periments with branching and nested factors. Some
distinct features make design criteria different from
the usual LHDs. First, branching factors are qualita-
tive and thus they cannot be measured by distances.
Second, for nested factors, the notion of “distance”
exists only if the corresponding levels of the branch-
ing factor are the same. Third, the optimal design
criteria should be modified to capture the branching-
by-nested interaction effects.

The remaining of the paper is organized as follows.
In Section 2, we introduce the concept of branching
LHD. In Section 3, we discuss some criteria for find-
ing an optimal branching LHD. The analysis of ex-
periments is discussed in Section 4. We illustrate the
proposed methods using the hard turning experiment
in Section 5. Some concluding remarks are given in
Section 6.

2. BRANCHING LATIN
HYPERCUBE DESIGNS

In general, an LHD with N runs and p factors,
denoted by LHD(N , p), can be generated using a
random permutation of {1, 2, · · · , N} for each factor.
Consider a simple case where the branching factor z1
has only two levels and m1 factors are nested within
each level of the branching factor. In addition, there
are t more shared quantitative factors.

A naive strategy is to choose an LHD for the
nested and shared factors and repeat it under each

Table 3: Illustration of the naive strategy

run z1 v
z1
1 · · · v

z1
m1 x1 · · · xt

1 1
2 1
3 1 LHD(4, m1 + t)
4 1
5 2
6 2
7 2 LHD(4, m1 + t)
8 2

Table 4: BLHD with one branching factor

run z1 v
z1
1 · · · v

z1
m1 x1 · · · xt

1 1
2 1
3 1 LHD(4, m1)
4 1 LHD(8, t)
5 2
6 2
7 2 LHD(4, m1)
8 2

level of the branching factor ( ex: Table 3). This is
easy to construct. Moreover, we can easily choose op-
timal LHDs for the nested and shared factors using
the existing methods. In addition, we can estimate
the interactions involving branching factor. However,
there are two drawbacks. One is that if we project
the design matrix onto one of those shared factors,
there are some replications. Hence, the design points
are not spread out as uniformly as they could be. The
other drawback is that, the run size of these designs
can be quite large if m1 and/or t become large.

The foregoing problems with the naive strategy
can be easily overcome by using one LHD for all of the
shared factors. The idea is illustrated using the same
example in Table 4. Following the terminology used
by Phadke (1989), we name a design with this struc-
ture a branching Latin hypercube design (BLHD).

Now consider a more general case with q branch-
ing factors denoted by z = (z1, · · · , zq). Assume
that all of them are qualitative by nature. For each
branching factor zu, there are ku levels and under
each of these different levels, there are mu nested fac-
tors. For notational simplicity, here we assume the
number of nested factors to be the same and develop
the construction of BLHD.

Denote the nested factors by vzu = (vzu
1 , · · · , vzu

mu
)′.

There are t shared quantitative factors x. Let v =
((vz1)′, · · · , (vzq )′)′, and w = (x′,z′,v′)′ represents
all of the p factors involved in the experiment, where
p = t + q +

∑q
u=1mu. An N -run BLHD can then

be represented by W = (w1, · · · ,wN )′. In general,
it consists of three parts. The first part is a design
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for branching factors. Because branching factors are
qualitative factors, we can choose an orthogonal ar-
ray of appropriate size depending on the number of
levels of each branching factor. The second part con-
sists of LHDs for the nested factors. Choose LHD(nu,
mu) for the mu nested factors under the branching
factor zu. The third part is an LHD(N , t) for all of
the shared factors x.

As in the case with LHDs, not all BLHDs are
good. We need to to use some optimal design criteria
to choose the best BLHD. This is discussed in the
next section.

3. OPTIMAL BRANCHING LATIN
HYPERCUBE DESIGNS

3.1 Maximin BLHD
Morris and Mitchell (1995) proposed to find LHDs

that maximize the minimum inter-site distance. Let
g and h be two design points. Consider the distance
measure d(g,h) = {

∑p
j=1 |gj−hj |ς}1/ς , in which rect-

angular distance (ς = 1) is considered here. For a
given LHD, define a distance list (D1, D2, · · · , DM ) in
which the elements are the distinct values of inter-site
distances, sorted from the smallest to the largest. Let
Ji be the number of pairs of sites in the design sepa-
rated byDi. Then a design is called a maximin design
if it sequentially maximizes Di’s and minimizes Ji’s
in the following order: D1, J1, D2, J2, · · · , DM , JM .
A scalar-valued function which can be used to rank
competing designs in such a way that the maximin
design receives the highest ranking is given by

φP =
( M∑

i=1

JiD
−P
i

)1/P

=
(∑

g 6=h

d(g,h)−P

)1/P

,

(1)
where P is a positive integer.

Start with a simple case where q = 1 and m1 =
1. Before calculating the distances, the design ma-
trix should be scaled to (0, 1). Assume that the last
two factors are branching factor z1 and nested fac-
tor vz1

1 , respectively. We need to define two types of
inter-site distances. The first type of distance is the
projection onto the t-dimensional space (x), which
can be defined by dx(g,h) =

∑t
j=1 |gj − hj |, where

g = (g1, · · · gt+2) and h = (h1, · · · , ht+2) are (t+ 2)-
dimensional design points. The second type of dis-
tance takes into account of the branching and nested
factors by considering distances within each level of
branching factors. The objective here is to spread out
the design points for each level of branching factors.
Define the second type of distance by dB(g,h) =

2 4 6 8

2
4

6
8

(a)

x1

x2

1 2 3 4

2
4

6
8

(b)

v1

x1

1 2 3 4

2
4

6
8

(c)

v1

x2

Figure 3: Maximin BLHD

∑t
l=1 |gl − hl|+ |gt+2 − ht+2|. One can easily obtain

dB(g,h) = dv1(g,h) + dx(g,h), where dv1(g,h) =
|gt+2 − ht+2|. The second type of inter-site distances
are calculated only for those within the same level of
branching factor and thus there are

(
n1
2

)
k1 of them.

After standardizing with respect to their dimen-
sions, the scalar-valued function can be defined as

φP =

(∑
g 6=h

[
t

dx(g,h)

]P

+

k1∑
i=1

∑
gt+1=ht+1=z1,i

[
1 + t

dv1(g,h) + dx(g,h)

]P
)1/P

, (2)

where
∑

gt+1=ht+1=z1,i
dv1(g,h) is the sum of

(
n1
2

)
pairwise distances in which g and h have the same
level of branching factor and

∑
g 6=h dx(g,h)

=
∑k1

i=1

∑
gt+1=ht+1=z1,i

dx(g,h)+
∑

gt+1 6=ht+1
dx(g,h).

This criterion can be easily extended to include more
than one branching factor.

To illustrate this idea, consider the simple ex-
ample in Table 2. Assume that the branching fac-
tor z1 is qualitative. The optimal design found by
the modified maximin criterion (2) (with P = 15)
is x1 = {1, 5, 6, 4, 7, 3, 2, 8}, x2 = {4, 8, 1, 5, 6, 2, 7, 3},
and z1 and v1 remain the same as in Table 2. This
maximin BLHD is plotted in Figure 3, where trian-
gles represent those design points with z1 = 1 and
solid points stands for those with z1 = 2.

If we were to use only the first part in (2) as the
criterion, then the optimal design would be space-
filling only over the shared factors. The design points
can be quite structured with respect to the branching
and nested factors. This can be seen in Figure 4.

3.2 Minimum Correlation BLHD
Owen (1994) proposed a performance measure ρ2

for evaluating the goodness of an LHD with respect
to pairwise correlations. For LHD(N , t),

ρ2 =

∑t
i=2

∑i−1
j=1 ρ

2
ij

t(t− 1)/2
, (3)
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Figure 4: Maximin for shared factors

where ρij is the linear correlation between columns i
and j.

Different from LHDs, it is equally important to
consider the branching-by-nested interactions in BL-
HDs. Therefore, we propose a modified correlation
criterion, which minimizes the correlations among the
main effects of all factors as well as those between
main effect of a shared factor and a branching-by-
nested interaction effect. There are mu such interac-
tions for each branching factor zu. Therefore, the to-
tal number of branching-by-nested interactions would
be s, where s =

∑q
u=1mu. Thus, the new criterion

for BLHDs is given by

ρ2 =

∑p
i=2

∑i−1
j=1 ρ

2
ij +

∑t
i=1

∑s
j=1 ρ̃

2
ij

(p(p− 1)/2) + st
, (4)

where ρij is the linear correlation between columns i
and j in the design and ρ̃2

ij is the linear correlation
between xi and jth branching-by-nested interaction.

3.3 Orthogonal-Maximin BLHD
Maximizing minimum inter-site distances does not

ensure minimizing pairwise correlations and vice-versa.
Therefore, Joseph and Hung (2007) proposed a multi-
objective criterion that combines the maximin dis-
tance and the minimum correlation criteria. This
criterion becomes even more important in the case of
BLHDs, because it is important to ensure small corre-
lations between the shared factors and the branching-
by-nested interactions besides enuring good space-
filling properties. The multi-objective criterion is a
weighted average of φP and ρ2. The following result
gives the lower and upper bounds for φP , which can
be used for scaling it to [0, 1]. Here we only consider
the case of a single branching factor. The result is
proved by Lagrange multiplier method. It can be ex-
tended to include more than one branching factor,
but the expressions become more complicated.
Proposition 1. If there is only one branching fac-
tor, then

φP,L ≤ φP ≤ φP,U ,

Table 5: Comparison of different BLHDs

Maximin Minimum Correlation Orthogonal-Maximin

φP 4.72 8.61 4.75
D1(J1) 1

4 (12) 1
8 (3) 1

4 (13)

ρ2 0.0287415 0.000283 0.01445
(cor(x1, INT), (0.195,0) (0,0) (-0.098,0)
cor(x2, INT))

where

φP,L = 6
[ k1∑

i=1

∑
gδ1=hδ1=z1,i

2
1

p+1 (m1 + t)
p

p+1 +

∑
gδ1 6=hδ1

t
p

p+1

] (P+1)
P
[
t(N2 − 1) +

k1∑
i=1

m1(n2
1 − 1)

]−1

,

and

φP,U = N

[
k1∑

i=1

n1−1∑
j=1

(n1 − j)(t+m1)P

jP (t+ k1m1)P
+

N−1∑
j=1

N − j

jP

]1/P

.

Thus, the multi-objective criterion is to minimize

ψP = wρ2 + (1− w)
φP − φP,L

φP,U − φP,L
. (5)

We usually take w = .5 and call the design that min-
imizes this criterion as orthogonal-maximin BLHD.

The design matrix in Table 2 is an orthogonal-
maximin BLHD. Comparisons of the optimal design
found by the forgoing three criteria are provided in
Table 5. The orthogonal-maximin BLHD provides a
good compromise between them.

4. KRIGING WITH BRANCHING
AND NESTED FACTORS

An ordinary kriging model can be stated as fol-
lows. Assume the true function y(w), w ∈ Rp, is a
realization from a stochastic process

Y (w) = µ+ Z(w), (6)

where, Z(w) is a weak stationary stochastic process
with mean 0 and covariance function σ2ψ. The cor-
relation function is defined as cor{Y (w1), Y (w2)} =
ψ(w1,w2).

Consider the example in Table 2. The correlation
function between two points wi = (xi1, xi2, zi1, v

zi1
i1 ),

i = 1, 2, can be describe as the following:

cor(Y (w1), Y (w2)) =
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ψ1(x11, x21)ψ2(x11, x21)ψ3(z11, z21)ψ4(vz11
11 , v

z21
21 ).

(7)
In the usual cases, a common correlation function is
chosen for each ψi. However, this cannot be done
here because of the different types of factors.

We use a Gaussian correlation function for each of
the shared factor. Thus, ψi(x11, x21) = exp{−αi(x11−
x21)2}, and αi, i = 1, 2 are the correlation parame-
ters. It seems reasonable to use the isotropic correla-
tion function for the branching factor ξ1(z11, z21) =
exp{−θ1I[z11 6=z21]}, where IA denotes the indicator
function.

Now consider the case of (quantitative) nested
factors. It is not reasonable to use one correlation
parameter for a given nested factor. Instead, they
should be different depending on the level of branch-
ing factor. For the example in Table 2, the correlation
function for vz1

1 can be defined as following. If two
points have the same level in the branching factor,
for example z11 = z21 = “1”, then the correlation
function will be exp{−γ1(vz11

11 − vz21
21 )2}. If the two

points do not have the same level in the branching
factor, then correlation should be determined by the
branching factor not the nested factor. Hence, in this
case, the correlation function for nested factor will be
equal to 1. Succinctly, the correlation function for the
nested factor can be defined as

$1(vz11
11 , v

z21
21 ) = exp

{
−

2∑
j=1

γj(vz11
11 −vz21

21 )2I[z11=z21=j]

}
,

Thus, we obtain the correlation function:

cor(Y (w1), Y (w2)) =

ψ1(x11, x21)ψ2(x11, x21)ξ1(z11, z21)$1(vz11
11 , v

z21
21 ).

(8)
We can easily extend this result to a general situation
where more than one branching factor is involved.

5. HARD TURNING EXPERIMENT

Hard turning is one of the cutting processes that
serves as an ideal process to examine the effects of
tool edge geometry and cutting process variables (Thiele
and Melkote, 1999). The computer experiments are
simulated from finite element based machining sim-
ulation software AdvantEdge, which is highly sophis-
ticated in modeling of the physics of metal cutting
(see Figure 5). Because these simulations are com-
putationally intensive and require hours of running
time for a single simulation (12 to 24 hours), an ef-
ficient design and accurate metamodel are important
for process optimization.

Figure 5: Finite element mesh

Nine factors are selected for experimentation (Ta-
ble 1). The objective is to minimize the resultant cut-
ting force. A 30-run orthogonal-maximin BLHD (Ta-
ble 6) is generated by using a heuristic optimization
algorithm proposed by Morris and Mitchell (1995).
The branching factor (z1), is labeled “1” and “2” to
stand for chamfer and hone, respectively. Two nested
factors are nested within the cutting edge shape.

We apply a log transformation (Since the cut-
ting forces are positive) and also normalize all of the
factors into [−1, 1]. So, the 30 design points after
normalization are denoted by {w1, · · · ,w30}, where
wj = (xj1, · · · , xj6, zj1, v

zj1
j1 , v

zj1
j2 )′, zj1 = −1 repre-

sents the chamfer edge and zj1 = 1 represents the
hone edge. The parameters in the kriging model can
be estimated as (Santer, William, and Notz, 2003)

Θ̂ = argmin
Θ

N log σ̂2 + log |Ψ|,

µ̂ = (1′Ψ−11)−11′Ψ−1y,

σ̂2 =
1
N

(y − µ̂1)′Ψ−1(y − µ̂1),

where 1 is a vector of 1’s, y = (y1, · · · , y30)′, and Ψ
is a 30× 30 matrix whose njth element is

exp
{
−

6∑
i=1

α̂i(xni − xji)2 − θ̂1I[zn1 6=zj1] − γ̂111

(vzn1
n1 −vzj1

j1 )I[zn1=zj1=−1]−γ̂121(vzn1
n2 −vzj1

j2 )I[zn1=zj1=−1]

}
.

We obtain α̂ = (0.09, 0.01, 0.03, 0.01, 0.94, 1.08)′,
θ̂ = θ̂1 = 0.13, γ̂ = (γ̂111, γ̂121)′ = (0.14, 0.01)′, µ̂ =
5.1. Thus, ordinary kriging predictor is given by

ŷ(w) = 5.1 + ψ̂(w)′Ψ̂
−1

(y − 5.11), (9)

where w = (x1, · · · , x6, z1, v
z1
1 , v

z1
2 )′ ∈ [−1, 1]9 and

ψ̂(w) is a vector of length 30 with the jth element

exp
{
−
∑6

i=1 α̂i(xi − xji)2 − θ̂1I[z1 6=zj1] − γ̂111(vz1
1 −

v
zj1
j1 )I[z1=zj1=−1] − γ̂121(vz1

2 − v
zj1
j2 )I[z1=zj1=−1]

}
.
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Table 6: Orthogonal-Maximin BLHD and data

Run z1 v1 v2 x1 x2 x3 x4 x5 x6 force
1 1 1 6 15 23 7 9 18 10 162.1
2 1 2 11 25 3 25 14 25 19 284.9
3 1 3 3 4 20 18 18 5 26 160.3
4 1 4 14 9 6 6 27 7 17 121.1
5 1 5 8 16 8 21 2 2 1 104.6
6 1 6 1 17 10 5 25 19 25 241.9
7 1 7 12 29 26 15 5 14 12 195.4
8 1 8 5 26 16 30 22 15 6 159.5
9 1 9 15 7 13 26 7 11 27 241.6
10 1 10 10 1 29 20 23 6 5 88.33
11 1 11 2 20 21 27 10 20 29 320.4
12 1 12 7 8 11 14 4 29 21 218.8
13 1 13 13 22 9 1 24 27 9 193.5
14 1 14 4 10 2 24 28 13 13 198.6
15 1 15 9 28 25 13 17 3 28 155.1
16 2 19 5 9 1 8 20 164.4
17 2 14 28 17 6 21 24 323.6
18 2 6 17 4 16 12 4 109.1
19 2 11 1 12 15 4 8 115.4
20 2 27 22 8 30 24 16 254.8
21 2 21 14 23 19 10 22 217.0
22 2 23 18 22 12 28 3 243.7
23 2 3 27 3 3 26 14 131.5
24 2 13 15 19 29 16 30 258.7
25 2 24 12 2 11 1 18 109.3
26 2 18 24 28 8 17 2 174.8
27 2 12 30 11 26 9 11 157.0
28 2 2 4 16 13 30 15 133.1
29 2 30 7 10 20 23 7 210.1
30 2 5 19 29 21 22 23 273.3

To understand the effects of the factors, we ap-
ply the sensitivity analysis technique on the ordinary
kriging predictor. The main effects plot is shown in
Figure 6. We can see that the cutting edge radius
(x1), feed (x5), depth of cut (x6), and chamfer angle
(v1) have significant effects on the cutting force. We
also found a significant interaction between cutting
edge radius and depth of cut (Figure 6). The depth
of cut has a positive effect on the cutting forces, but
this effect is more significant when the cutting edge
radius is smaller. This can be explained physically as
follows. For a small cutting edge radius, an increase
in depth of cut produces an increase in material de-
formation through shear and consequently its effect
on the force is more significant. For larger cutting
edge radius values, the contribution of ploughing of
material around the cutting edge to the cutting force
is more pronounced and consequently an increase in
depth of cut does not produce as significant a change
in the cutting force.

By minimizing the ordinary kriging predictor in
(9), we obtain the optimal setting (original scales) for
the shared factors is (x1, x2, x3, x4, x5, x6) = (5,−13.80,
1.41, 222, 0.067, 0.123) and the optimal cutting edge
geometry is chamfer with angle 18.74 degree and length
128.13 microns. The resultant cutting force under
this setting is 81 N, which is much smaller than the
observed forces in the experiment. Although there
are some related discussions in the literature (ex: Thiele
and Melkote, 1999), the number of factors studied is
very limited. Our method provides an efficient way

to analyze all factors (tool edge geometry and cutting
process variables) simultaneously.
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Figure 6: Main effect and interaction plots.

6. CONCLUSIONS

Taguchi (1987) and Phadke (1989) have reported
several case studies on experiments using branching
designs, but their approach is not general enough to
apply to more complex experiments such as a com-
puter experiment. In this work, we have proposed
branching Latin hypercube designs that is suitable
for a computer experiment when it involves branch-
ing and nested factors. The optimal choice of such
designs are also discussed. The approach was suc-
cessfully applied to the optimization of a machining
process.
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